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1. Introduction
This work is concerned with the time-decay of semigroups e−itH generated by −iH where H =
−+ V (x) is a dissipative Schrödinger operator on Rn with a complex-valued potential V = V1− iV2,
where V1 and V2 are real functions satisfying V2(x)  0 on Rn and V2(x) > 0 on some non-trivial
open set. Suppose that
∣∣V (x)∣∣ C〈x〉−ρ0 , x ∈Rn, (1.1)
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numerical range of H is contained in a region of the form {z; z  −R, −R  z  0} for some
R > 0. Real eigenvalues of H are absent and its essential spectrum is equal to the positive real half-
axis [0,∞[. We are interested in the long-time behaviors of the semigroup S(t) = e−itH in appropriate
spaces as t goes to inﬁnity. If H is selfadjoint, this kind of problems has a long history and has
been studied by many authors. See for example [7,11,17] and the references therein. Time-decay of
semigroups of contractions is also studied in other contexts [5,6,15]. In these works, the existence of
a spectral gap allows to obtain an exponential convergence rate. In our situation, there is no such
spectral gap and the decay rate can only be polynomial. In fact, we will compute the leading long-
time asymptotics of S(t) in appropriate spaces. We hope that such results can be useful to study some
dissipative quantum scattering problems.
Assume that V (x) has an asymptotics of the form: V (x) = q(θ)
r2
+ O (r−ρ) for |x| large enough,
where x = rθ with r = |x| and q(θ) is a real continuous function on the sphere Sn−1. Suppose that
n 2 and
infσ
(−Sn−1 + q(θ))= − (n − 2)24 + ν21 (1.2)
for some ν1 > 0. In this paper, we will prove the following result.
Theorem1.1.Under the conditions (3.1)–(3.3) stated in Section 3with ρ > 2(ν1+1) and (3.8) for k = 2+[ν1]
where [x] denotes the integer part of x, one has
S(t) = C0
t1+ν1
+ O
(
1
t1+ν1+δ
)
, t → +∞ (1.3)
as operators from L2(Rn; 〈x〉2s dx) to L2(Rn; 〈x〉−2s dx) for any s > 52 +[ν1]. Here δ > 0 and C0 is an operator
of rank one.
In particular, our result implies that if n 3, q(θ) = 0 (so that ν1 = n−22 ) and ρ = ρ0 > n, then the
following asymptotics holds
S(t) = C0
tn/2
+ o
(
1
tn/2
)
, t → ∞, (1.4)
as operators from L2(Rn; 〈x〉2s dx) to L2(Rn; 〈x〉−2s dx) for s > n+32 . When n = 3 and q(θ) = 0, we also
establish the following dispersive estimate for S(t).
Theorem 1.2. Assume n = 3 and |(x · ∇) j V (x)| C〈x〉−ρ , j = 0,1 for some ρ > 2. Then one has
∥∥S(t) f ∥∥L∞  Ct− 32 ‖ f ‖L1 , ∀ f ∈ L1(R3), t > 0. (1.5)
Estimates (1.3) and (1.5) are in form similar to those for selfadjoint Schrödinger operators under
the additional assumption that zero is neither an eigenvalue or a resonance for the Schrödinger op-
erator, but here we do not make such implicit spectral assumption. Remark also that the dispersive
estimate for Schrödinger operators with complex-valued potentials on R3 is obtained in [4] under the
condition that there are no real resonances in the whole positive real semi-axis [0,∞[. This condition
is in general not satisﬁed even for dissipative Schrödinger operators. See Remark 5.4 at the end of this
paper. The proofs of Theorems 1.1 and 1.2 are based on an appropriate representation formula for the
semigroup S(t) which is in turn a consequence of a global limiting absorption principle on the whole
real axis.
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for semigroups of contractions under some assumptions on a global limiting absorption principle. In
Section 3, we apply this result to dissipative Schrödinger operators with potentials having a critical
tail in the real part. Once this representation formula obtained, time-decay and dispersive estimate for
semigroups can be proved by the same methods as in the selfadjoint case. This is done respectively
in Section 4 and Section 5. In particular, the long-time asymptotics of the semigroup is deduced from
the threshold asymptotics of the resolvent.
Notation. The scalar product on L2(R+; rn−1 dr) and L2(Rn) is denoted by 〈·,·〉 and that on L2(Sn−1)
by (·,·). Hr,s , r, s ∈R, denotes the weighted Sobolev space of order r with the weight 〈x〉s . The duality
between H1,s and H−1,−s is identiﬁed with L2-product. Denote H0,s = L2,s . L(r, s; r′, s′) stands for the
space of continuous linear operators from Hr,s to Hr
′,s′ . The complex plane C is slit along the positive
real axis so that zν = eν ln z and ln z = log |z|+ i arg z with 0 < arg z < 2π are holomorphic for z near 0
in the slit complex plane.
2. Some abstract results
Let H1 and V2 be selfadjoint operators on some Hilbert space H, with H1 semi-bounded from
below, V2  0 and relatively compact with respect to H1. Then H = H1 − iV2 deﬁned on D(H1) is
maximally dissipative on H. Let S(t) := e−itH , t  0, be the strongly continuous semigroup generated
by −iH . In this section, we give some results on S(t) under the assumption that there exists a global
limiting absorption principle for H on the whole real axis. These results are to be applied in the next
section to a class of dissipative Schrödinger operators on Rn , n 2.
Since H1 is semi-bounded from below and V2 is H1-compact, one sees that ∀δ0 > 0, ∃R0 > 0 such
that the numerical range of H is contained in the sector
{
z ∈C; z−R0, −δ0  arg(z + R0) 0
}
.
Let δ0 > 0 be ﬁxed. For 	0 > 0 small enough, the set⋃
	∈]0,	0]
{
λei	; λ ∈R, |λ| > R0
}
is contained in the resolvent set of H and
∥∥(H − λei	)−1∥∥ C	 |λ|−1 (2.1)
for λ ∈ R with |λ| suﬃciently large. Assume that there exists a dense subset D ⊂H such that { f ∈
D ∩ D(H); H f ∈D and H∗ f ∈D} is also dense in H and
• For any f , g ∈D, the limit
〈
R(λ + i0) f , g〉= lim
	→0+
〈
R(λ + i	) f , g〉 (2.2)
exists locally uniformly in λ ∈R.
• There exists R > 1, k ∈ N∗ , η,σ ∈ ]0,1] with η + kσ > 1 such that for any f , g in D, λ →
〈R(λ + i0) f , g〉 is Ck for |λ| > R and there exists 	0 > 0 such that∣∣∣∣ d jdλ j 〈R(λei	) f , g〉
∣∣∣∣ C f ,g〈λ〉−η− jσ , (2.3)
for j = 0,1, . . . ,k, uniformly in 	 ∈ ]0, 	0] and |λ| > R .
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ﬁnd an appropriate reference. See however [2] for a representation formula for the wave propagator.
Therefore we give a proof for it by making use of the usual representation formula for semigroups
(cf. [10]).
Theorem 2.1. Under the conditions (2.2) and (2.3), one has
〈
e−itH f , g
〉= 1
2π i
∫
R
e−itλ
〈
R(λ + i0) f , g〉dλ, t > 0, (2.4)
for f , g ∈D.
Proof. Denote H	 = e−i	H , 	 > 0. Then the numerical range of H	 is contained in
N	 :=
{
e−i	 z; z−R0, −δ0  arg(z + R0) 0
}
for some R0  0 and δ0 ∈ ]0, π2 [. Therefore for each 	 > 0 small enough, −i(H	 − iR0	) is strictly
m-sectorial and generates a semigroup of contractions e−it(H	−iR0	) , t  0, which can be represented
in a usual way. For R1 > 	R0 and R2 > R0, let Γ (	, R1, R2) be the contour in ρ(H	) composed of
the segment {z = R1, z ∈ [−R2, R2]} and the two rays η− + ei	/2R− and η+ + e−i	/2R+ with
η± = ±R2 + iR1 (oriented from the inﬁnity with arg z = −π + 	2 to the inﬁnity with arg z = − 	2 ).
Then one has (cf. [10, pp. 489–491])
e−itH	 = 1
2π i
∫
Γ (	,R1,R2)
e−itz(H	 − z)−1 dz := F	(t), (2.5)
for t > 0. The above integral is independent of the choice of R1 and R2 so long as the deformation of
contour does not cross the spectrum of H	 . In addition, one has the estimate
∥∥e−itH	∥∥ etR0	, t  0. (2.6)
Making use of techniques of oscillatory integrals, we deduce from (2.2) and (2.3) with η + kσ > 1
that the integral
〈
F (t) f , g
〉 := 1
2π i
∫
R
e−itλ
〈
R(λ + i0) f , g〉dλ (2.7)
converges for f , g ∈ D and t > 0. By the same method, one can show that the integral deﬁning
〈F	(t) f , g〉 converges uniformly in 	 > 0 and one has for R1 = 	(R0 + 1) and R2 ﬁxed
〈
F (t) f , g
〉= lim
	→0+
〈
F	(t) f , g
〉
for any f , g ∈D. In fact, the integral deﬁning F	(t) can be decomposed as
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F	(t) f , g
〉= I1(	) + I+(	) + I−(	) with (2.8)
I1(	) = e
i	
2π i
R2∫
−R2
e−it(λ+iR1)
〈(
H − ei	(λ + iR1)
)−1
f , g
〉
dλ, (2.9)
I±(	) = ±e
i	/2
2π i
∞∫
0
e∓it(η±±λe−i	/2)
〈(
H − ei	(η± ± λe−i	/2))−1 f , g〉dλ. (2.10)
By (2.2), one has
I1(	) → 1
2π i
R2∫
−R2
e−itλ
〈(
H − (λ + i0))−1 f , g〉dλ, as 	 → 0.
The same argument also applies to the integrals related to I±(	) on any compact interval [0, R3]
which gives
R3∫
0
e∓it(η±±λe−i	/2)
〈(
H − ei	(η± ± λe−i	/2))−1 f , g〉dλ
→
R3∫
0
e∓it(R2+λ)
〈(
H ∓ (R2 + λ ± i0)
)−1
f , g
〉
dλ. (2.11)
For R3 suﬃciently large, making use of (2.3), one deduces that
∞∫
R3
e∓it(η±±λe−i	/2)
〈(
H − ei	(η± ± λe−i	/2))−1 f , g〉dλ
are convergent uniformly in 	 > 0 small and that
I±(	) →
∞∫
0
e∓it(R2+λ)
〈(
H ∓ (R2 + λ ± i0)
)−1
f , g
〉
dλ.
This proves that 〈F	(t) f , g〉 → 〈F (t) f , g〉 for any f , g ∈ D. It follows from ‖F	(t)‖  etR0	 that
|〈F (t) f , g〉|  ‖ f ‖‖g‖. By an argument of density, F (t) can be extended to a contraction on H, still
denoted by F (t) and lim	→0+ F	(t) = F (t) weakly on H for t > 0.
For f , g ∈D ∩ D(H) with H f and H∗g ∈D, one has for t′, t > 0, t′ = t ,
∫
Γ (	,R1,R2)
e−it′z − e−itz
t′ − t
〈
(H	 − z)−1 f , g
〉
dz
= −i
∫
Γ (	,R ,R )
〈
e−itz z(H	 − z)−1 f , g
〉
dz1 2
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Γ (	,R1,R2)
(
t′ − t)
1∫
0
〈
e−iz(θt′+(1−θ)t)(1− θ)z2(H	 − z)−1 f , g
〉
dθ dz
= −ie−i	
∫
Γ (	,R1,R2)
〈
e−itz(H	 − z)−1H f , g
〉
dz
+ e−i2	
∫
Γ (	,R1,R2)
(
t′ − t)
1∫
0
〈
e−iz(θt′+(1−θ)t)(1− θ)(H	 − z)−1H f , H∗g
〉
dθ dz.
Here we used that
∫
Γ (	,R1,R2)
z j dz = 0 for j = 0,1. Since H f and H∗g ∈D, the above integrals con-
verge uniformly in 	, R1 > 0 small and t′ near t (t > 0 being ﬁxed). It follows that 〈F (t) f , g〉 is
differentiable in t > 0 and〈
dF (t)
dt
f , g
〉
= lim
	→0+
〈
dF	(t)
dt
f , g
〉
= 〈−i F (t)H f , g〉= 〈−iH F (t) f , g〉.
By an argument of density, we deduce that for any f ∈ D(H), t → F (t) f is weakly differentiable and
dF (t)
dt
f = −i F (t)H f = −iH F (t) f . (2.12)
To show that F (t) = e−itH , we prove that F (t) → 1 weakly as t → 0+ . For each t ∈ ]0, t0] with
t0 > 0 suﬃciently small, take R1 = R2 = t−1. Making the change of variables z = ηt , one has
F	(t) = 1
2π i
∫
Γ (	,1,1)
e−iζ
(
H	 − ζ
t
)−1 dζ
t
, t ∈ ]0, t0].
Noticing that by the Cauchy’s integral formula,
1
2π i
∫
Γ (	,1,1)
e−iζ ζ−1 dζ = −1
for 	 > 0, one deduces
〈(
F	(t) − 1
)
f , g
〉= 1
2π i
∫
Γ (	,1,1)
e−iζ ζ−1
〈(
H − ζe
i	
t
)−1
H f , g
〉
dζ (2.13)
for f ∈ D(H). For ζ ∈ Γ (	,1,1), one has |ζ |  1 and |e−iζ |  C uniformly in 	 > 0. By the assump-
tion (2.3),
∣∣∣∣
〈(
H − ζe
i	
t
)−1
H f , g
〉∣∣∣∣ C f ,g
(
t
|ζ |
)η
, t ∈ ]0, t0],
for any f , g ∈D with H f ∈D, uniformly in 	 > 0. It follows that
∣∣〈(F	(t) − 1) f , g〉∣∣ C ′tη, t ∈ ]0, t0], (2.14)
X.P. Wang / J. Differential Equations 253 (2012) 3523–3542 3529uniformly in 	 . Taking the limit 	 → 0 in the above inequality, we obtain
∣∣〈(F (t) − 1) f , g〉∣∣ C ′tη. (2.15)
This proves that limt→0+〈(F (t) − 1) f , g〉 = 0 for any g ∈ D and f ∈ D ∩ D(H) with H f ∈ D. Since‖F (t)‖ 1, an argument of density shows that F (t) f → f weakly for any f ∈H as t → 0+ .
Now for any f ∈ D(H), let f (t) = F (t) f and u(t) = e−itH f . Then f (t) ∈ D(H) for any t > 0 and
one has
d
ds
〈
F (s)e−i(t−s)H f , g
〉= 〈F (s)(iH − iH)e−i(t−s)H f , g〉= 0, 0 < s t,
for any g ∈H. Integrating the above equation gives that 〈 f (t), g〉 − 〈u(t), g〉 = c for some constant c.
Since both f (t) and u(t) converge weakly to f as t → 0+ , one has c = 0, hence 〈 f (t), g〉 = 〈u(t), g〉
for any g ∈ H. This proves that F (t) f = e−itH f for any f ∈ D(H). Since D(H) is dense in H, F (t)
coincides with the semigroup generated by −iH . 
Another consequence of a global limiting absorption principle is the Kato’s smoothness estimate
for semigroup of contractions which may be useful in other problems. We give below a simple proof,
using the theory of selfadjoint dilation. See also [13] for some special case. Let H be maximally
dissipative on some Hilbert space H. −iH is generator of a semigroup of contractions S(t) = e−itH ,
t  0. According to the theory of Foias¸ and Sz. Nagy (Ch. III, §9 of [14]), ∃ a Hilbert space G ⊃H and
a unitary group U (t) = e−itG on G such that
Π0U (t)|H = S(t), t  0, (2.16)
where Π0 : G →H is the projection. G is called a selfadjoint dilation of H .
Proposition 2.2. Assume that there exits A :H→H continuous such that
sup
λ∈R, δ∈]0,1]
∥∥A(H − (λ + iδ))−1A∗∥∥ γ . (2.17)
Then
∞∫
0
(∥∥AS(t) f ∥∥2 + ∥∥AS(t)∗ f ∥∥2)ds 2γ ‖ f ‖2, f ∈H. (2.18)
Proof. Let G be a selfadjoint dilation of H . Then
Π0(G − z)−1
∣∣H = (H − z)−1, Π0(G − z)−1∣∣H = (H∗ − z)−1,
for z > 0. Therefore
∥∥(AΠ0)(G − z)−1(AΠ0)∗∥∥ γ , 0 < |z| 1.
By Kato’s smoothness estimate for selfadjoint operators [9],
∞∫ ∥∥AΠ0U (t)g∥∥2 dt  C‖g‖2, g ∈ G,
−∞
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C = sup
0<z1
∥∥(AΠ0)[(G − z)−1 − (G − z)−1](AΠ0)∗∥∥ 2γ .
For g = f ∈H, one has
∞∫
0
(∥∥AS(t) f ∥∥2 + ∥∥AS(t)∗ f ∥∥2)dt  2γ ‖ f ‖2, f ∈H. 
3. Dissipative Schrödinger operators
Let H = − + V (x) on L2(Rn) with n  2 and V = V1 − iV2, V1 and V2 being bounded real
functions satisfying
V1(x) = q(θ)
r2
+ O (〈x〉−ρ), |x| > R, (3.1)
for some R > 0 and
∣∣V2(x)∣∣ C〈x〉−ρ, V2(x) 0 and V2 = 0, (3.2)
for some ρ > 2. Here 〈x〉 = (1+|x|2)1/2, r = |x|, x = rθ , θ ∈ Sn−1 and q(θ) is a real continuous function
on Sn−1 such that the lowest eigenvalue, λ1, of −Sn−1 + q(θ) on Sn−1 veriﬁes
λ1 > − (n − 2)
2
4
. (3.3)
Set ν1 =
√
λ1 + (n−2)24 . Note that if n  3 and |V1(x)|  C〈x〉−ρ for some ρ > 2, (3.1) and (3.3) are
satisﬁed with q = 0 and λ1 = 0. Denote H1 = −+ V1 and R(z) = (H − z)−1, z /∈ σ(H). The following
result is proved in [18].
Theorem 3.1. Assume (3.1)–(3.3) with ρ > 2. Then one has:
(a) Zero is not an accumulating point of the eigenvalues of H and there exists δ0 > 0 such that
σ(H) ⊂ {z; −π + δ0  arg z 0}. (3.4)
(b) There exists c0 > 0 such that the limit
R(λ ± i0) = lim
	→0+
R(λ ± i	) : L2,s → L2,−s
exists for s > 1 and λ ∈ [−c0, c0].
It is proved in [18] that if Hu = 0 and u ∈ H1,−s for some s < 1, then u = 0. This implies that 0
is not a resonance of H for the class of potentials under consideration, which allows to prove the
existence of the limit of resolvent at λ = 0. Notice that ]−∞,0[ is contained in the resolvent set of H .
For λ > 0 away from 0, one can use either the equation R(z) = (1 + R0(z)V )−1R0(z) by mimicking
the perturbation argument of [1] (for short-range potentials |V (x)|  C〈x〉−ρ0 with ρ0 > 1) or the
Mourre’s theory for dissipative operators for general long-range potentials (cf. [13]) to show that the
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uniformly in λ ∈ ]0,∞[ and one has the high energy estimate
∥∥〈x〉−s R(λ + i0)〈x〉−s∥∥ Cs〈λ〉− 12 , (3.5)
for λ > 1. These results together with Theorem 3.1 establish the following global limiting absorption
principle from the upper-half complex plane which is essential for the study of time-decay of the
semigroup for positive times.
Corollary 3.2. Assume (3.1)–(3.3) with ρ > 2. One has
sup
	∈]0,1], λ∈R
〈λ〉 12 ∥∥〈x〉−s R(λ + i	)〈x〉−s∥∥< ∞ (3.6)
for any s > 1 and the limit
R(λ + i0) = lim
	→0+
R(λ + i	) : L2,s → L2,−s (3.7)
exists for s > 1 and is continuous on R.
The smoothness of R(λ+ i0) can be studied in a similar way for λ > 0 under additional conditions
on higher derivatives of V .
Proposition 3.3. Under the conditions (3.1)–(3.3), assume in addition that
∣∣(x · ∇) j(2V + x · ∇V )∣∣ C〈x〉−ρ, ρ > 2, (3.8)
for j = 0,1, . . . ,k, k ∈ N. Then for any 0  j  k + 1 and s > j + 12 , λ → R(λ + i0) is in C j(]0,∞[;L(0, s;0,−s)) and one has the high energy estimates∥∥∥∥〈x〉−s d jdλ j R(λ + i0)〈x〉−s
∥∥∥∥ Cs〈λ〉− j+12 , (3.9)
for λ > 1.
Proof. Let B1 = i[P , A] and B j = i[B j−1, A], j  2, where A = i−1(x · ∇ + ∇ · x)/2. Under the condi-
tion (3.8) for some ρ > 2, one sees that B j is bounded from H1 to H−1 for 0 j  k+ 2 and Bk+3 is
bounded from H2 to H−2. Here Hs denotes the Sobolev space of order s. The desired result follows
from the Mourre’s method with multiple commutators for dissipative operators. See [12] (and also [8]
for selfadjoint operators). 
As a consequence of the abstract results of Section 2, we obtain
Theorem 3.4. Assume (3.1)–(3.3) with ρ > 2.
(a) One has the following Kato’s smoothness estimate for semigroups of contractions: for any s > 1,
∞∫
0
(∥∥〈x〉−se−itH f ∥∥2 + ∥∥〈x〉−seitH∗ f ∥∥2)dt  Cs‖ f ‖2, f ∈ L2. (3.10)
Here Cs = 2sup	∈]0,1], λ∈R ‖〈x〉−s R(λ + i	)〈x〉−s‖.
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〈
e−itH f , g
〉= 1
2π i
∫
R
e−itλ
〈
R(λ + i0) f , g〉dλ, t > 0, (3.11)
for f , g ∈ L2,s , s > 1.
Proof. Part (a) follows from Proposition 2.2 and (3.6). To prove part (b), we want to apply Theorem 2.1
with ρ = σ = 12 , k = 2 and D = L2,s . It remains to verify that the estimate (2.3) is satisﬁed. Under the
condition (3.8) on V for k = 1, one can apply Mourre’s multiple commutator method for dissipative
operators H(h) = −h2 + h2V (x) (with the uniform conjugate operator A(h) = h(x · ∇ + ∇ · x)/(2i))
to deduce that for 1 j  2 and s > j + 12
∥∥〈x〉−s(H(h) − ei	)− j〈x〉−s∥∥ Ch− j−1
uniformly in h, 	 ∈ ]0,1]. See Theorem 4.42 in [12]. Taking h = λ−1/2 with λ > 1, we deduce that (2.3)
is satisﬁed. It follows from Theorem 2.1 and an argument of density that (3.11) holds for f , g ∈ L2,s ,
s > 5/2.
To prove (3.11) for f , g ∈ L2,s with s > 1, it suﬃces to show that for each t > 0 and s > 1,
∣∣∣∣
∫
R
e−itλ
〈
R(λ + i0) f , g〉dλ∣∣∣∣ Ct,s‖ f ‖L2,s‖g‖L2,s (3.12)
for f , g ∈ C∞0 (Rn). Let χ ∈ C∞0 (R) such that χ(λ) = 1 for |λ|  1 and 0 for |λ| > 2. Clearly (3.12)
holds when the cut-off χ(λ) is inserted into the integral. For λ in supp(1− χ), decompose R(λ + i0)
as
R(λ + i0) = (− − (λ + i0))−1 + F (λ)
with F (λ) = −R(λ + i0)V (− − (λ + i0))−1. Since for t > 0
1
2π i
∫
R
e−itλ
(
1−χ(λ))〈(− − (λ + i0))−1 f , g〉dλ
= 〈eit f , g〉− 1
2π i
∫
R
e−itλχ(λ)
〈(− − (λ + i0))−1 f , g〉dλ, (3.13)
one has
∣∣∣∣
∫
R
e−itλ
(
1− χ(λ))〈(− − (λ + i0))−1 f , g〉dλ∣∣∣∣ C‖ f ‖L2,s‖g‖L2,s , s > 1.
Split F (λ) as F (λ) = F1(λ) + F2(λ) with F1(λ) = −R(λ + i0)Vχ(〈x〉/〈λ〉)(− − (λ + i0))−1. Since
V (x)
(
1− χ(〈x〉/〈λ〉))= O (〈x〉−2s〈λ〉−2(1−s)), s ∈ [0,1]
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∥∥〈x〉−s F2(λ)〈x〉−s∥∥ C〈λ〉−3/2, λ > 1, (3.14)
and
∥∥〈x〉−s(F1(λ + μ) − F1(λ))〈x〉−s∥∥ C〈λ〉−1, λ > 1, μ 0. (3.15)
Using (3.9) and the fact that V (x) = O (|x|−2), one has for any s > 3/2 and 	 > 0,
∥∥〈x〉−s(F1(λ + μ) − F1(λ))〈x〉−s∥∥
λ+μ∫
λ
∥∥∥∥〈x〉−s ddλ F1(λ + τ )〈x〉−s
∥∥∥∥dτ
 Cμ〈λ〉− 32+	, λ > 1, μ 0. (3.16)
By an argument of complex interpolation, we obtain that for any s > 1
∥∥〈x〉−s(F1(λ + μ) − F1(λ))〈x〉−s∥∥ Cμ 12 〈λ〉− 54+	, λ > 1, μ 0. (3.17)
(3.14) gives
∣∣∣∣
∫
R
e−itλ
(
1− χ(λ))〈F2(λ) f , g〉dλ
∣∣∣∣ C‖ f ‖L2,s‖g‖L2,s , s > 1/2. (3.18)
By (3.17), one obtains for s > 1
∣∣∣∣∣
2(k+1)π/t∫
2kπ/t
e−itλ
〈
F1(λ) f , g
〉
dλ
∣∣∣∣∣ Ct−3/2〈2kπ/t〉−5/4+	‖ f ‖L2,s‖g‖L2,s , ∀k ∈ Z, t > 0. (3.19)
Summing up in k ∈ Z, one obtains that for t > 0,
∣∣∣∣
∫
R
e−itλ
(
1− χ(λ))〈F1(λ) f , g〉dλ
∣∣∣∣ Ct‖ f ‖L2,s‖g‖L2,s , s > 1. (3.20)
(3.12) is proved. (3.11) follows from (3.12) and an argument of density. 
Remark 3.5. If V and x · ∇V satisfy (2.2) with ρ0 > 2, then one can show that R(λ + i0) is C2 in
λ 1 as operator from L2,s to L2,−s with s > 5/2 and Theorem 3.4(b) remains true. In fact, from the
resolvent equation
R(z) = (1+ R0(z)V )−1R0(z), R0(z) = (− − z)−1,
one deduces that if V satisﬁes the assumption (1.1) with ρ0 > 2, R(λ + i0) is C1 in λ > 0 as operator
from L2,s to L2,−s for any s > 3/2 and one has
∥∥∥∥〈x〉−s ddλ R(λ + i0)〈x〉−s
∥∥∥∥ C〈λ〉−1, λ > 1. (3.21)
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See Remark 5.4 and also [1] for selfadjoint operators. By method of perturbation, one sees that
(1 + R0(λ + i0)V )−1 is C1 as operator on L2,−s for s > 3/2. For θ real, let U (θ) denote the dilation:
U (θ) f (x) = enθ/2 f (eθ x). Then one has
U (θ)R(z)U (θ)∗ = e2θ (− + V θ − e2θ z)−1, z > 0, (3.22)
where V θ (x) = e2θ V (eθ x). Differentiating the above equality with respect to θ at θ = 0, one obtains
the formula
d
dz
R(z) = 1
2z
(
i
[
A, R(z)
]− 2R(z) + R(z)(2V + x · ∇V )R(z)) (3.23)
for z > 0. Since |V (x)|+|x · V (x)| = O (〈x〉−ρ0 ) for some ρ0 > 2, (3.21) and (3.23) imply that R(λ+ i0)
is C2 in λ > 0 as operator from L2,s to L2,−s for any s > 5/2 and one has
∥∥∥∥〈x〉−s d2dλ2 R(λ + i0)〈x〉−s
∥∥∥∥ C〈λ〉−3/2, λ > 1. (3.24)
4. Long-time expansion of the semigroup
Making use of the representation formula (3.11), one can prove Theorem 1.1 on the long-time
asymptotics of the semigroup of contractions generated by dissipative Schrödinger operators with
potentials of critical decay.
Proof of Theorem 1.1. Let χ ∈ C∞0 (R) with χ(λ) = 1 for λ near 0 and suppχ suﬃciently near 0. Let
J1( f , g) = 1
2π i
∫
R
e−itλχ(λ)
〈
R(λ + i0) f , g〉dλ, (4.1)
J2( f , g) = 1
2π i
∫
R
e−itλ
(
1− χ(λ))〈R(λ + i0) f , g〉dλ (4.2)
for f , g ∈ L2,s , s > 5/2. For J2( f , g), applying (3.9) with k = 2+ [ν1] > 1+ ν1, we obtain
∣∣ J2( f , g)∣∣ C〈t〉−k‖ f ‖L2,s‖g‖L2,s , s > k + 12 . (4.3)
For J1( f , g), one uses the asymptotic expansion up to the order O (|z|ν1+	) of the resolvent R(z)
near 0 which can be constructed as follows. See [16,17]. Let χ1(x)2+χ2(x)2 = 1 be a partition of unity
on Rn with χ1 ∈ C∞0 such that 0  χ j  1 and χ1(x) = 1 for |x|  r0 for some r0 > 1 large enough.
We can choose χ j such that |∂αx χ j(x)| = O ( 1r|α|0 ). (3.3) implies that the form deﬁned by − +
q(θ)
r2
on
C∞0 (Rn \ {0}) is positive. Let H0 denote its Friedrich’s extension. Set R0(z) = (H0 − z)−1 and
R˜0(z) = χ1(− − i − z)−1χ1 + χ2R0(z)χ2,
and
K (z) = R˜0(z)(H − z) − 1,
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K (z) = χ1(− − i − z)−1
([,χ1] + (V + i)χ1)
+χ2R0(z)
(
[,χ2] +
(
V − q(θ)
r2
)
χ2
)
,
and
R(z) = (1+ K (z))−1 R˜0(z). (4.4)
Deﬁne for ν > 0
zν =
{
zν, if ν /∈N,
zν ln z, if ν ∈N.
The following asymptotic expansion holds for z near 0 with z > 0.
R˜0(z) =
∑
0 jν1
z j F j + zν1χ2Gν1πν1χ2 + O
(|z|ν1+δ), δ > 0, (4.5)
in L(−1, s;1,−s), s > ν1 + 1. Here
F j ∈ L(−1, s;1,−s), s > j + 1, (4.6)
Gν1(r, τ ) = cν1(rτ )−
n−2
2 +ν1 (4.7)
where cν1 is some nonzero constant, Gν1 (r, τ ) is the distributional kernel of Gν1 in L
2(R+; rn−1 dr)
and πν1 is the spectral projection of −Sn−1 + q(θ) associated with its ﬁrst eigenvalue λ1 = ν21 −
(n−2)2
4 .
By (4.5), K (z) has an expansion of the form
K (z) =
∑
0 jν1
z j K j + zν1C1 + O
(|z|ν1+δ), δ > 0, (4.8)
in L(−1, s;1,−s), s > ν1 + 1. Here
C1 = χ2Gν1πν1
(
[,χ2] +
(
V − q(θ)
r2
)
χ2
)
.
Since zero is a regular point of H , 1 + K0 is invertible on L2,−s for any s > 1. We deduce from (4.4)
that when ρ > 2(ν1 + 1), R(z) has an expansion of the form:
R(z) =
∑
0 jν1
z j R j + zν1 B0 + O
(|z|ν1+δ), δ > 0, (4.9)
in L(−1, s;1,−s), s > ν1 + 1 with
R j ∈ L(−1, s;1,−s), s > j + 1, B0 ∈ L(−1, s;1,−s), s > 1+ ν1.
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B0 = −(1+ K0)−1C1(1+ K0)−1F0 + (1+ K0)−1χ2Gν1πν1χ2
= (1+ K0)−1χ2Gν1πν1W , (4.10)
with W = χ2 − ([,χ2] + (V − q(θ)r2 )χ2)(1+ K0)−1F0. Since the eigenvalue λ1 is simple, Gν1πν1 and
hence also B0 is an operator of rank one.
By Lemma A.2 of [16], we obtain that if ρ > 2(ν1 + 1),∣∣∣∣ J1( f , g) − 1t1+ν1 〈C0 f , g〉
∣∣∣∣ Ct1+ν1+δ ‖ f ‖L2,s‖g‖L2,s (4.11)
for s > 1+ ν1. Here C0 = α0B0 for some nonzero constant α0. It follows from (4.3) and (4.11) that∣∣∣∣〈e−itH f , g〉− 1t1+ν1 〈C0 f , g〉
∣∣∣∣ Ct1+ν1+δ ‖ f ‖L2,s‖g‖L2,s (4.12)
for s > k + 12 . 
If the critical part of the potential is absent (i.e., q(θ) = 0), one has ν1 = n−22 and Theorem 1.1 says
that if n 3 and the conditions (3.1)–(3.2) are satisﬁed with ρ > n and (3.8) for some k > n2 , one has
e−itH = C0
tn/2
+ O
(
1
tn/2+	
)
, t → +∞ (4.13)
in L(0, s;0,−s) for any s > [ n2 ] + 32 . In the above result, the conditions on ρ and s are not optimal.
An optimal result can be obtained through dispersive estimate in dimension three.
5. Dispersive estimates in dimension three
As another application of the representation formula of the semigroup, we prove Theorem 1.2 on
the dispersive estimate for dissipative Schrödinger operators in dimension three.
Proof of Theorem 1.2. By Remark 3.5, the condition on V ensures that the representation formula
(3.11) holds. Seeing the formula (3.11), the desired dispersive estimate (1.5) can be proved in the
same way as for selfadjoint operators (see, for example, [3]). We only sketch the proof and omit the
details. To prove Theorem 1.2, it suﬃces to show that
∣∣〈e−itHu, v〉∣∣ C |t|−3/2‖u‖L1‖v‖L1 , u, v ∈ C∞0 (R3). (5.1)
Recall that
〈
e−itH f , g
〉= 1
2π i
∫
R
e−itλ
〈
R(λ + i0) f , g〉dλ, t > 0. (5.2)
Let us distinguish two regimes: λ ∈ [−R, R] and |λ| > R . Consider only the case λ 0. The case λ < 0
is easier, since it is contained in the resolvent set of H . To simplify notation, denote
G(λ) = R(λ + i0), G0(λ) =
(− − (λ + i0))−1.
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G0(λ; x, y) = e
i
√
λ|x−y|
4π |x− y| , (5.3)
where
√
λ = i√|λ| if λ < 0. Since V (x) = O (〈x〉−ρ) for some ρ > 2, it follows that V G0(λ) : L1 → L1 is
bounded and is Hölder continuous in λ. The limiting absorption principle for R(λ+ i0), λ ∈R, implies
that 1 + V G0(λ) : L1 → L1 is invertible. One has λ → (1 + V G0(λ))−1 is also Hölder continuous.
According to the resolvent equation
G(λ) = G0(λ) − G0(λ)V G(λ)
and (5.2), one has
〈
e−itH f , g
〉= 〈eit f , g〉− 1
2π i
∫
R
e−itλ
〈
G0(λ)
(
1+ V G0(λ)
)−1
f , V G0(λ)
∗g
〉
dλ, (5.4)
where A(λ) = V G0(λ)∗ . By the formula for the distributional kernel of eit , |〈eit f , g〉| is bounded by
the right hand side of (5.1). The main task is to estimate the second term of on the right hand side
of the above equation.
Remark that if (1+ V G0(λ))−1 and V G0(λ)∗ are ﬁxed at a point λ = λ0, the estimate (5.1) holds.
We use the ideas of [3] to show that (5.1) holds if a cut-off is inserted with support suﬃciently
concentrated near λ0. Let χ be the cut-off introduced in Section 3. Let χ˜ ∈ C∞0 (R) with χχ˜ = χ .
Set
θ(λ) = χ((λ − λ0)/δ), θ˜ (λ) = χ˜((λ − λ0)/δ).
Let
S0 =
(
1+ V G(λ0)
)−1
, D(λ) = V (G0(λ) − G0(λ0)).
Then one has for some 	0 > 0
∥∥S0D(λ)∥∥L(L1)  CV δ	0 (5.5)
for λ ∈ supp θ˜ . For δ > 0 small enough such that CV δ	0 < 1, one has
(
1+ V G0(λ)
)−1 = ∞∑
k=0
(−1)k(S0D(λ))k S0 (5.6)
where the series converges in L(L1) for λ ∈ supp θ˜ .
For λ > 1 large, remark that for any s > 3/2, V G0(λ) : L2,s → L1 is uniformly bounded. Since for
any s > 1/2, G0(λ) : L2,s → L2,−s is of the order O (λ− 12 ), one has
∥∥(V G0(λ))ku∥∥1  Ck〈λ〉−(k−2)/2‖u‖1. (5.7)
The following estimates are due to [3].
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(a)
∫
R
∥∥Fλ→τ (θ˜ (λ)(S0D(λ))k)S0u∥∥1 dτ  (CV δ	0)k‖u‖1 (5.8)
for any k ∈N∗ , u ∈ C∞0 (R3) and δ > 0 small enough.
(b)
∫
〈τ 〉	0∥∥Fλ→τ (V G0(λ))ku∥∥1 dτ  CkV ‖u‖1 (5.9)
for k 5. Here Fλ→τ is the one-dimensional Fourier transform.
See Corollary 18 of [3] for part (a) of the above lemma. Part (b) follows from Lemma 7 of [3]
and (5.7).
By an explicit calculation, one has
∥∥∥∥
∫
e−itλθ(λ)G0(λ)u dλ
∥∥∥∥
L∞
 C〈t〉− 32 ‖u‖L1 (5.10)
and
∫
R
∥∥Fλ→τ θ˜(λ)A(λ)u∥∥1 dτ  C‖u‖L1 . (5.11)
It follows that
∣∣∣∣
∫
R
e−itλθ(λ)
〈
G0(λ)
(
S0D(λ)
)k
S0u, A(λ)v
〉
dλ
∣∣∣∣ 〈t〉−3/2C(CV δ	)k‖u‖1‖v‖1.
For δ > 0 small enough, one can take the sum over k ∈N to obtain that
∣∣∣∣
∫
R
e−itλθ(λ)
〈
G0(λ)
(
1+ V G0(λ)
)−1
f , A(λ)g
〉
dλ
∣∣∣∣ Ct− 32 ‖ f ‖L1‖g‖L1 . (5.12)
Making use of a partition of unity with suﬃciently ﬁne support, one deduces that for any R > 1, one
has
∣∣∣∣
∫
R
e−itλχ(λ/R)
〈
G0(λ)
(
1+ V G0(λ)
)−1
f , A(λ)g
〉
dλ
∣∣∣∣ CRt− 32 ‖ f ‖L1‖g‖L1 . (5.13)
It remains to study the integral with |λ| > R . We use the following elementary result to replace
some interpolation argument of [3].
Lemma 5.2. Let fk :R→R be a sequence of continuous functions such that for some C, 	0, γ > 0
∣∣ fk(λ)∣∣ γ Ck〈λ〉−(k−2)/2, ∫ 〈τ 〉	0 ∣∣ f̂k(τ )∣∣dτ  γ Ck, ∀k. (5.14)
R
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∫ ∣∣Fλ→τ ((1− χ(·/R)) fk)(τ )∣∣dτ  γ (4+ ‖χ‖H	0 )Ck〈R〉− (k−4)	02(1+	0) (5.15)
uniformly in R > 1 and k 5. Here Hs denotes the Sobolev space on R of order s.
Proof. One has
sup
τ
∣∣Fλ→τ ((1−χ(·/R)) fk)(τ )∣∣
 γ Ck
∫
|λ|>R
〈λ〉−(k−2)/2 dλ 4γ Ck〈R〉−(k−2)/2+1 (5.16)
and
sup
τ
∣∣(Fλ→τ fk)(τ )∣∣ 4γ Ck〈R〉−(k−2)/2+1 (5.17)
for k  5. Evaluating the integral according to |τ |  λ1 and |τ | > λ1 with λ1 > 1 to be ﬁxed below,
one obtains that
∫ ∣∣Fλ→τ ((1−χ(·/R)) fk)(τ )∣∣dτ
 4γ Ck〈R〉−(k−2)/2+1λ1 +
∫
|τ |>λ1
∣∣Fλ→τ ((1−χ(·/R)) fk)(τ )∣∣dτ . (5.18)
Notice that Fλ→τ ((1− χ(·/R)) fk) = f̂k − χ̂ (·/R) ∗ f̂ and that
∫
|τ |>λ1
∣∣ f̂k(τ )∣∣dτ  4γ Ck〈λ1〉−	0 (5.19)
one can evaluate
∫
|τ |>λ1
∣∣χ̂ (·/R) ∗ f̂k(τ )∣∣dτ  〈λ1〉−	0 ∫
|τ |>λ1
〈τ 〉	0
∫
R
∣∣Rχ̂(R(τ − μ)) f̂k(μ)dμ∣∣dτ
 γ Ck〈λ1〉−	0
∫ ∫
〈τ − μ〉	0〈μ〉	0 ∣∣Rχ̂(R(τ −μ)) f̂k(μ)∣∣dμ
 γ ‖χ‖H	0 Ck〈λ1〉−	0 (5.20)
uniformly in R . Taking λ1 = R
k−4
2(1+	0) , we obtain the desired estimate for k 5. 
Clearly, the above lemma still holds for a sequence of functions fk : R → B, where B is some
Banach space.
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(
1+ V G0(λ)
)−1 = ∞∑
k=0
(−1)k(V G0(λ))k
converges in L(L1). Making use of the formula for the distributional kernel of G0(λ), one can show
that for each k
∣∣∣∣
∫
e−itλ
(
1− χ(λ/R))〈G0(λ)(V G0(λ))ku, A(λ)v〉dλ
∣∣∣∣ |t|−3/2Ck‖u‖1‖v‖1.
By Lemma 5.1(b) and (5.7), one deduces from Lemma 5.2 that
∫
R
∥∥Fλ→τ (1− χ(λ/R))(V G0(λ))ku∥∥1 dτ  CkR− (k−4)	02(1+	0) ‖u‖1
for k 5. For R > 1 large enough such that
CkR
− (k−4)	02(1+	0) < 	k, 	 < 1,
one has
∣∣∣∣
∫
e−itλ
(
1− χ(λ/R))〈G0(λ)(V G0(λ))ku, A(λ)v〉dλ
∣∣∣∣ |t|−3/2C	k‖u‖1‖v‖1.
Taking the summation over k gives the high energy estimate
∣∣∣∣
∫
e−itλ
(
1− χ(λ/R))〈G0(λ)(1+ V G0(λ))−1u, A(λ)v〉dλ
∣∣∣∣ C |t|−3/2‖u‖1‖v‖1. (5.21)
This estimate, together with (5.13), ﬁnishes the proof of (5.1). 
The result of Theorem 1.2 should be compared with the dispersive estimate for selfadjoint operator
H1 (V2 = 0). Assume that n = 3 and |V1(x)| C〈x〉−ρ0 , ρ0 > 2 and that 0 is not an eigenvalue nor a
resonance of H1. Then one has
∥∥e−itH1 Pac f ∥∥L∞  C |t|− 32 ‖ f ‖L1 , ∀ f ∈ L1(R3), t = 0, (5.22)
where Pac is the projection onto the absolutely continuous spectral subspace of H1. As a consequence
of Theorem 1.2, one has the following optimal time-decay estimate in dimension three.
Corollary 5.3. Under the condition of Theorem 1.2, one has for any s ∈ [0,3/2] and s′ > s,
∥∥〈x〉−s′e−itH 〈x〉−s′∥∥L(L2)  Cs,s′ 〈t〉−s, t > 0. (5.23)
Proof. For s = 3/2 and s′ > 3/2, it follows from Theorem 1.2 that the above estimate holds. The
general case follows from an argument of complex interpolation between s = 0 and s = 3/2. 
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absorption principle from the upper-half complex plane which is essential in this work. This condition
does not exclude the existence of positive real resonances, but only resonant states with outgoing
Sommerfeld radiation condition. In fact, such resonant states are solutions of the equation
ϕ + R0(λ + i0)(Vϕ) = 0, λ > 0, ϕ ∈ L2,−s, ∀s > 1/2. (5.24)
If ϕ is a solution of the above equation, by taking the imaginary part of the equality 〈ϕ, Vϕ〉 =
−〈R0(λ + i0)(Vϕ), Vϕ〉, one obtains
〈ϕ, V2ϕ〉 = −
〈
R0(λ + i0)(Vϕ), Vϕ
〉
. (5.25)
Since V2  0, the both sides of the above equality must be zero. This shows V2ϕ = 0. Consequently,
ϕ satisﬁes the equation
ϕ + R0(λ + i0)(V1ϕ) = 0. (5.26)
The result of S. Agmon [1] on selfadjoint Schrödinger operators then gives ϕ = 0. However, the
dissipative condition on potential does not exclude the existence of resonant states with incoming
Sommerfeld radiation condition. To supply an example1 of dissipative Schrödinger operators with pos-
itive resonances, let λ > 0 be ﬁxed. Take h ∈ C∞0 (R3) with h(x)  0, h = 0 and supph ⊂ {|x| π4√λ }.
Set
ϕ(x) = (R0(λ − i0)h)(x) = 1
4π
∫
R3
e−i
√
λ|x−y|
|x− y| h(y)dy.
For x, y in supph, one has
√
λ|x− y| π2 . Hence, ϕ(x) > 0 and ϕ(x) < 0 for x ∈ supph. Put
V (x) = − h(x)
ϕ(x)
.
Then V (x) is a compactly supported dissipative potential and
ϕ = R0(λ − i0)h = −R0(λ − i0)(Vϕ).
This shows that λ > 0 is a real resonance of − + V (x) with the resonant state ϕ satisfying the
incoming Sommerfeld radiation condition. Our results show that real resonances with only incoming
resonant states do not affect time-decay of solutions for positive times.
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